Abstract. Static and dynamic polarizabilities are calculated for the non-relativistic hydrogen molecular ion by solving the three-body Schrödinger equation in perimetric coordinates with the Lagrange-mesh method. The static dipole polarizabilities of the ground-state rotational band are computed for total orbital (or rotational) angular momenta from L = 0 to 39 with an absolute accuracy of about 10 −9 atomic units. For L = 0, 1 and 2, slightly less accurate results are also given for the first three vibrational excited levels. For the ground state, dynamic dipole polarizabilities as well as static and dynamic quadrupole polarizabilities are computed. To illustrate the versatility of the method, the static dipole polarizability of the hydrogen molecular ion in a Debye plasma is also determined.
Introduction
The hydrogen molecular ion H + 2 is the most fundamental molecular system that exists in nature. It is thus important to calculate its properties as accurately as possible and to verify whether they agree with experiment, when possible. An interesting observable is the electric dipole polarizability. Dipole polarizabilities have been measured for the ground state [1, 2, 3 ] and the first rotational excited level [4] of H + 2 in a series of experiments on the Rydberg states of H 2 . Some disagreement was observed between the first experimental results for the ground state [1, 2] and calculations at the BornOppenheimer approximation [5] and some of its improvements. This encouraged fully quantal calculations solving the three-body Schrödinger equation as accurately as possible. Different methods have been applied to consider the non-adiabatic study of the ground-state polarizability of this system [6, 7, 8, 9, 10] . These calculations reconciled theory with experiment. A similar evolution occurred for the first excited rotational level where elaborate theory [11, 12] agrees with experiment [4] . However, an improved measurement of the ground-state polarizability [3] again led to a disagreement with theory. Further more accurate theoretical works do not solve this discrepancy [13, 14, 15] .
In this work, we consider the three-body Schrödinger equation with only Coulomb forces in the Hamiltonian, i.e. without electron and nuclear spin effects. In this case, the Hamiltonian is invariant under purely spatial rotations and under reflection, with respect to the centre of mass of the molecular ion. Hence, the total orbital angular momentum L and the parity π are good quantum numbers [16, 17, 18] . The total intrinsic spin of the three particles does not play a role but the total spin of the protons is related to the symmetry of the spatial part of the wave functions [19] . The present notation and terminology is based on the good quantum numbers of a three-body problem and may differ from the ones used in molecular physics where L is called the total rotational angular momentum which is sometimes denoted as J. The notation L used here emphasizes that the electron and proton spins are not included in its definition. For each L π value, several excited states can be obtained when solving the three-body Schrödinger equation. The excited levels correspond to vibrational excitations in the Born-Oppenheimer framework. For this reason, we denote the excitation quantum number as v, with v = 0 for the lowest state. A given level is thus fully defined by (L π , v). A set of levels with the same value of v form a rotational band. We limit the present study to bound states corresponding to the Σ g electronic configuration. Because of the identity of the protons, even-L states then correspond to a total intrinsic spin 1/2 for the molecule (the total spin of the protons is 0) while odd-L states correspond to a total spin 1/2 or 3/2 (the total spin of the protons is 1) [19] .
In the non-adiabatic approximation, the spectrum of H + 2 has been obtained with high precision using different approaches (see [19] and references therein). It is interesting to try to reach a similar accuracy for other observables, and in particular for the polarizabilities [11, 12, 13, 14, 15] . The most accurate result for the ground state has been obtained by Yan et al [15] . Dipole polarizabilities for vibrational levels from v = 0 to 10 were accurately calculated by Hilico et al [14] and the first excited rotational level was studied by Moss in a fully nonadiabatic way [11, 12] . Korobov studied the importance of relativistic corrections for the ground state [13] .
Recently, we have accurately calculated not only energies and wave functions of the four lowest vibrational bound or quasibound levels (v = 0 to 3) for total orbital momenta from L = 0 to 40, but also all possible transition probabilities between these levels [19] . These transitions are quadrupolar since dipole transitions are forbidden within the Σ g band. Using wave functions from our previous work [19] , we now present accurate dipole polarizabilities for the whole ground-state rotational band of the molecular ion H + 2 . They are obtained from three-body wave functions calculated in perimetric coordinates [20, 21] with the Lagrange-mesh method [16, 17, 18] . This method has proved to be particularly simple and very precise for the determination of static and dynamic polarizabilities in the case of the hydrogen atom [22] . Dynamic polarizabilities of the ground state as well as quadrupole polarizabilities of the four lowest L = 0 levels are considered. We show that the method also applies to H + 2 in a Debye plasma. The Lagrange-mesh method is an approximate variational calculation using a basis of Lagrange functions, i.e. functions that vanish at all points but one of a threedimensional mesh, and the Gauss quadrature associated with this mesh [23, 24] . The accuracy of the lowest energies exceeds by far the accuracy of the Gauss quadrature for the individual matrix elements [25] . The exponential convergence of the Lagrange-mesh method is typical of pseudospectral methods. With the analytical approximations to the wave functions provided by the Lagrange-mesh method, the matrix elements in the calculation of the dipole and quadrupole polarizabilities are simple expressions when used with the corresponding Gauss-Laguerre quadrature.
In section 2, the definition of the dynamic multipole polarizabilities is presented. The expansion of the rotational-vibrational wave functions in perimetric coordinates together with the Lagrange-mesh technique is summarized. In section 3, static and dynamic dipole and quadrupole polarizabilities for the molecular ion H + 2 are given and discussed. The application of the method to the molecular ion immersed in a hot Debye plasma [26] is also illustrated. Concluding remarks are presented in section 4. Atomic units are used throughout.
Lagrange-mesh calculation of transition probabilities

Dynamic electric polarizability
A system of charged particles described by an Hamiltonian H is in a state of energy E with wave function Ψ. It is perturbed by an electric multipole O (λ) µ of multipolarity λ and projection µ oscillating at angular frequency ω,
Following the perturbation theory presented in [27] and [28] , the equation of the firstorder correction Ψ (±) to the wave function Ψ is
The frequency dependent multipole polarizability α λµ (ω) for the state Ψ is given by
For the H + 2 molecular ion, the three-body Hamiltonian involving the Coulomb interactions between the three particles but no spin effects reads
where 1 and 2 refer to the proton coordinates, m p is the proton mass and e refers to the electron coordinate. It depends upon the interproton distance R and the two distances r e1 and r e2 between the electron and the protons. Its eigenfunctions Ψ
depend on the total orbital (or rotational) angular momentum L, its projection M , the parity π and the spatial symmetry σ of the protons. The total spin of the protons is fixed by σ = (−1) S . The many bound states corresponding to the Σ g electronic configuration have π = σ = (−1)
L and the three weakly bound levels corresponding to the Σ u electronic configuration have π = −σ = (−1)
L . The corresponding energies are denoted as E L π σ . For simplicity, we shall drop the σ superscript in the following as the electric transition operators conserve the spatial proton symmetry. The polarizabilities are calculated below for the levels of the Σ g electronic configuration.
Expansions of the wave functions
We approximatively solve the Schrödinger equation for the hydrogen molecular ion H + 2 without using the Born-Oppenheimer approximation and its corrections. To this end, the Lagrange-mesh method [23, 24, 25] in perimetric coordinates [20, 21] is used as explained in [18, 19] .
The perimetric system of coordinates involves the three Euler angles ψ, θ, φ which characterize the orientation of the molecular plane and the three combinations of interdistances
The wave functions are expanded over a basis of angular functions as [18] 
The internal degrees of freedom are described by Φ
where (6) is introduced in the Schrödinger equation, one obtains the system of coupled equations
where
M K are the matrix elements of the Hamiltonian evaluated between angular functions [17, 18] .
The electric transition operators can be written in perimetric coordinates as [19] 
The perimetric coefficients A (λ)
κ are given in terms of the interprotonic distance R and the polar components of the electron coordinate (ρ, ζ) for the dipole (λ = 1) as
with the total mass M = 2m p + 1 and for the quadrupole (λ = 2) as
See [18, 19] for the expressions of R, ρ and ζ in terms of the perimetric coordinates. Now, one needs to solve equations (2). Their solutions depend on both M and µ for each L π σ. For this purpose, we expand the Ψ
where Φ
also depends on L π but this dependence is understood. The ClebschGordan coefficients are introduced for later convenience. After the substitution of the functions Ψ (2), the dependence on M and µ disappears and one obtains the system of differential equations
The coefficients F LL ′ λ KK ′ κ are given by
See the definition in [19] where a factor (LλM µ|L ′ M ′ ) is missing in the left-hand side of equation (21).
Lagrange-mesh method
In order to solve the system (13), we apply the Lagrange-mesh method [23, 18] which is an approximatively variational calculation with Lagrange basis functions F K ijk (x, y, z) [18, 19] . The Lagrange functions have the remarkable property that they vanish at all mesh points (h x u i , h y v j , h z w k ) of an associated mesh, but one. The u i , v j , w k are the zeros of Lagrange polynomials of respective degrees N x , N y , N z and h x , h y , h z are scaling factors. The variational calculation is simplified by the use of a Gauss quadrature associated with the mesh. In this method, the Φ K (x, y, z) functions of equation (6) are expanded as [18] 
where we use the same number N of mesh points and the same scale factor h for the two perimetric coordinates x and y. Because of the symmetrization, the sum over j is limited by the value i − δ K , where δ K is equal to 0 when (−1) K = σπ and to 1 when
Kijk . With the Gauss quadrature, equations (8) become a linear system for the coefficients C
The eigenvalues of the Hamiltonian matrix are denoted as E
where v is the level of vibrational excitation. The corresponding wave functions are available analytically when the coefficients C L π Kijk are introduced in (15) and (6) . In our previous work [19] , the spectra of the four lowest vibrational, v = 0 to 3, and forty-one rotational states, L = 0 to 40, were obtained as well as analytic approximations for the corresponding wave functions that are employed here.
A similar treatment of the differential system (13) leads to the inhomogeneous algebraic system of equations
The coefficients F LL ′ λ KK ′ κ are for the dipole transition operator (λ = 1) F
and for the quadrupole transitions operator (λ = 2)
Polarizabilities
With the expansions of the wave function Ψ due to an electric perturbation of the hydrogen molecular ion, the polarizability (3) can be directly calculated as
The perimetric matrix elements φ
are calculated from (10) and (11) by integration over the perimetric coordinates with the volume element (x + y)(y + z)(z + x)dxdydz. In practice, the sums over K and K ′ are truncated at K max . The α (LM ) λµ components satisfy the symmetry relations α
λµ . The remaining calculation of the matrix elements is particularly simple within the Lagrange-mesh method. Because the Lagrange functions vanish at all mesh points but one, the matrix elements in (21) are simply obtained with the Gauss quadrature as
Due to the orthogonality relations of the Clebsch-Gordan coefficients, the polarizabilities averaged over M ,
do not depend on µ and can be easily calculated with
Then, any µ-component of the polarizability (20) and the average polarizability (23) can be obtained from the 2λ + 1 coefficients α
3. Polarizability
Static electric dipole polarizabilities
After solving the linear system (17) for the coefficients C (±)L π Kijk , the approximation to the first correction Ψ (±)L π M µ are obtained. For convenience, we use the same wave functions Ψ L π M for the free hydrogen molecular ion as in [19] . The same numbers of mesh points are employed: N = N x = N y = 40 for the x and y coordinates and N z = 20 for the z coordinate. The scale parameters are h = h x = h y = 0.14 and h z = 0.4. For a given K value, the total number of basis states is then 16400 or 15600 depending on the parity of K. The size of the sparse Hamiltonian matrix is larger by about a factor ( [18] , calculations are performed with K max = 2. The conventional value for the proton mass: m p = 1836.152701 a.u. is used. Table 1 shows a convergence test of the energies and static polarizabilities of the first four vibrational levels v = 0 to 3 for L = 0 as a function of the numbers of mesh points. The nonlinear scale parameters are h x = h y = 0.14 and h z = 0.4. The results of table 1 show that the convergence with N z is reached faster than with N , i.e. already with N z = 20. For the slower N convergence, one observes that adding five points leads to an exponential improvement by a factor of about 30 for both energies and polarizabilities. By extrapolation, the absolute accuracy of the dipole polarizability α for (0 + , 2), and 10 −6 for (0 + , 3). We have checked for L = 0 and L = 30 that the v = 0 polarizabilities do not change by more than 2 × 10 −9 when h x = h y vary from 0.12 to 0.16 and h z varies from 0.35 to 0.60. Notice that the Hamiltonian matrices completely change when the scale parameters are modified. The chosen values, where the accuracy is optimal over the whole rotational bands, lie within this stability plateau.
The accuracy of the present matrix elements as well as the accuracies of other observables in [18] and of the transition probabilities in [19] indicate that the present wave functions have relative accuracies better than 10 −7 for v = 0 to 2 over most of the various rotational bands and are a little less good for v = 3.
A comparison with the best theoretical results is also presented in table 1. The results of Yan et al [15] for the ground state and of Hilico et al [14] for the vibrationally excited states are more accurate than ours. When the number of mesh points are increased to N = 50, N z = 25 our results are in agreement with those presented by Hilico et al [14] . The ground-state polarizability has been investigated in several papers [9, 10, 13, 14, 15] and all of them are in agreement in at least 7 significant digits. However a difference with the experimental result [3] arises at the fifth significant digit. Relativistic corrections only slightly reduce the problem [13] . The origin of this disagreement remains unclear but does not arise from inaccuracies in the numerical resolution of the three-body Schrödinger equation. Table 2 presents an extensive list of the components α
and α (LL+1) 1 of the dipole polarizabilities for the full rotational band (L = 0 to 39) corresponding to the lowest vibrational level v = 0. According to (20) , any M -component can be calculated with multiplications by Clebsch-Gordan coefficients. The average dipole polarizability is presented in the last column. The error is at most of a few units on the last displayed digit. Table 3 . Electric dipole polarizabilities α
and averages α and their averages α
are presented in table 3 for the first and second rotational levels L = 1, 2 and the four lowest vibrational levels v = 0 − 3. Our results for the (1 − , v) levels agree with the results obtained by Moss [11] and by Moss and Valenzano [12] . The (1 − , 0) theoretical result falls within the experimental error bar [4] .
Dynamic electric dipole polarizabilities
The dynamic electric dipole polarizability of the (0 + , 0) ground state is presented in table 4 for some values of the frequency ω up to about the dissociation threshold. The calculation is performed under the same conditions as for ω = 0 in table 2. The accuracy is about 10 −9 . The two partial components α
µ |Ψ of equation (3) The (0 + , 0) dynamic polarizability is also displayed in figure 1 as a function of the frequency ω. It is a monotonically increasing function. No resonant frequencies appear because electric dipole transitions are forbidden. In fact, a first resonance should correspond to the weakly bound (1 − , 0) level of the Σ u excited electronic configuration at ω ≈ 0.097 395 556 but it is not visible because the transition probability is too small. 
Electric quadrupole polarizabilities
Static electric quadrupole polarizabilities are obtained from (20) for λ = 2 with the same unperturbed wave functions as for λ = 1. Table 5 presents the results for the three vibrational levels v = 0 − 3 of the lowest rotational state L = 0. For the ground state (0 + , 0) the absolute accuracy, which was investigated by varying the number of mesh points, is about 10 −6 . A previous more accurate result obtained by Zhang and Yan [29] agrees in nine significant digits. For higher vibrational quantum numbers, the accuracy decreases by one digit when v increases by one unit. Over the considered range, the dynamical polarizability can be approximated by the first four terms of its expansion,
The approximation consists in neglecting higher bound states and the continuum. The corresponding squared reduced matrix elements of the (2 + , v) → (0 + , 0) transitions can be deduced from tables 3 and 4 of [19] as 2.705 894, 0.098 499, 0.000 836 and 0.000 022. These fast decreasing numbers indicate that the jumps at the resonant frequencies become progressively narrower which makes them hardly visible in the figure for v = 2 and 3.
For ω = 0, approximation (25) is smaller than the result of table 5 by 4.793. Strikingly, over the ω range of figure 2, this difference remains comprised between 4.79 and 4.80. An extrapolation to v > 3 indicates that, except at resonances, the contribution of higher excited bound states is negligible. We thus interpret the difference between the exact result and approximation (25) as the contribution of the continuum.
Polarisabilities of the hydrogen molecular ion in a plasma
If we consider the hydrogen molecular ion H + 2 immersed in a Debye plasma, a screening effect appears and the Coulomb potential of the Hamiltonian (4) has to be replaced by [26] 
where D is the temperature-and density-dependent Debye length. Using the Lagrangemesh technique is as easy as for the free case since one only has to replace numerical values of the Coulomb potentials appearing in (4) by numerical values of potential (26) in the code. Table 6 presents the energies E and the static dipole polarizabilities α
1 for the four lowest vibrational levels of L = 0 and 1 calculated with the Debye length D = 1. After optimizing the Lagrange-mesh parameters, we use the same number of points for each coordinate N x = N y = N z = 30 and the nonlinear parameters h x = h y = 0.1 and h z = 0.9. Both the energies and the polarizabilities significantly increase with respect to tables 1 and 3. The (0 + , 0) ground state result can be compared with the one computed by Kar and Ho [26] .
Conclusion
With the Lagrange-mesh method in perimetric coordinates, we have calculated the static dipole polarizabilities of the ground-state rotational band of H + 2 for total orbital momenta from L = 0 to 39 with an absolute accuracy of about 10 −9 . Slightly less accurate results are also given for the first three vibrational excited levels with L = 0−2. Some results are given for quadrupole polarizabilities. Table 6 . Energies, components and averages of the dipole polarizabilities of the molecular ion H The method also allows calculating dynamic polarizabilities without additional difficulty. For the ground state, dynamic dipole and quadrupole polarizabilities are presented. The static dipole polarizability of the hydrogen molecular ion in a Debye plasma is also easily determined with a tiny change in the code.
The theoretical ground-state polarizability is still in disagreement with experiment [3] . An important number of accurate theoretical calculations solving the three-body Schrödinger equation and calculating the ground-state polarizability with a variety of techniques all agree with at least seven significant digits. Relativistic corrections do not seem to cure the problem [13] . Two options remain. Either larger corrections to the Schrödinger approximation exist for some reason, or the experimental error bar is underestimated. For the L = 1 level, there is no discrepancy but the experimental error bar is much larger. It would be helpful to measure polarizabilities of higher levels of the ground-state rotational band, if possible, and to compare them with our accurate results.
